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1. INTRODUCTORY 
Recall that agroup G is supersolvable if it possesses a finite increasing 
maximal chain of normal subgroups ofG such that each factor iscyclic. 
This concept was introduced with the hope that it would be more tractable 
than solvability in general. Indeed many results on this class have appeared 
(see [9]). Motivated atleast inpart by this uccess, an analogous concept 
was introduced in Lie algebras where normal subgroups with cyclic factors 
were replaced byideals with one dimensional f ctors. Once again the 
investigations pr ved fruitful [l,2, 31. Adding to the importance of the 
concept inthe Lie setting s the famous theorem of S. Lie which yields that 
over an algebraically closed field of characteristic 0, allsolvable Lie 
algebras are supersolvable. This fundamental heorem had influence on the 
development of he structure andrepresentation the ry of these algebras. 
On the other hand, Malcev algebras are a generlization of Liealgebras in 
which results on the latter often find extensions to the former. Because of 
all the foregoing, supersolvability shows much promise as an object of
study in Malcev algebras. 
Barnes [11 used cohomology theory to find Lie algebra analogues to
theorems ofBaer, Gaschtitz, and Huppert. These results were used to show 
various structure th orems and to construct a theory of formations [a]. 
Eventually, simpler p oofs of the Barnes’ theorems were given by Barnes 
and Newell [3]. Still ater the analogues of the theorems ofBaer and Gas- 
chiitz were xtended toMalcev algebras [S] and [S]. The final result con- 
cerns supersolvability and we extend this result toMaicev algebras in this 
paper where the algebra M is called supersolvable if th re exists anincreas- 
ing maximal chain of ideals ofM each codimension one in the next. 
Although t is result and related concepts extend to the present case, com- 
plications ari e inthe proofs due to the weaker defining dentity forMalcev 
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algebras. Hence the purpose of this paper is to investigate sup rsolvable 
Malcev algebras. 
In the next section we obtain the xtension t  Malcev algebras of Barnes’ 
analogue toHuppert’s theorem. The third section considers theextension 
of Lie’s theorem onsolvable Lie algebras over an algebraically losed field 
of characteristic 0. Kuzmin, in his semi-expository paper[4] announces 
this result but a proof is difficult to find in the literature. Hence we give a
short proof of it and related results. The next section deals with structure 
theorems analogous tosome found in [9]. The final section i dicates he
existence and(partial) conjugacy ofsupersolvable projectors which are 
related to projectors f und both in groups and in Lie algebras as well as to 
Cartan subalgebras of Malcev algebras. All algebras andvector spaces con- 
sidered here are finite dimensional over afield ofcharacteristic not 2. 
Recall that a Malcev algebra M is a nonassociative algebra which 
satisfies x2 = 0and 
(XY)(Q) = ((wbb + ((.vz)x)t + ((zx)t) Y + ((xt) Yb (1) 
The Jacobian isdefined byJ(x, y, z) = (xy)z + (yz)x+ (zx)y. The follow- 
ing identities follow from (1) (see [7, p. 10571). 
and 
4x, y, xz) =4x9 y, z)x (2) 
2wJ(x, y z) = J(w, x, yz) +J(w, y, 2x) +J(w, z, xy). (3) 
For x E M, R, will denote right multiplication by x. If A is a vector space, 
then arepresentation of M on A is a linear mapping S: A4 + Z(A) such 
that 
S (XY)Z = s,s,s, - s,s,s, - s,,s, + s,s,, (4) 
and A is called anM-module. We consider these modules to be two sided 
under the rule am = -ma. From (4) it follows that 
Sy(SJ2 = (SJ2Sy +&S,x + syxsx (5) 
and 
sxsysx = (U2Sy + SyJ* + s(yx)x. (6) 
For the algebra M,M’ will stand for the derived algebra ofM. If A is an 
ideal in IV, we write Aq M. If A is a subalgebra of kf, then 
C,(A)= {xEM; Ax=O} and N,(A) = {xEM; AXE A). The Frattini 
subalgebra of A4 is denoted bya(M). If M is solvable, then @(M) S! M [S, 
Theorem 5.21. 
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2. EXTENDING A THEOREM OF BARNES 
Let M be a Malcev algebra and UE M. Let m(x) be the minimum 
polynomial of R, and let m(x) =rri(~)~l.. . ,Jx)~” be the decomposition of 
m(x) into the product of distinct prime factors. Arrange the factors such 
that rci(x) = x - ci if iG j and deg n,(x) > 1 if i> j. As usual, the subspace 
associated with xi(x) in the primary decomposition is denoted by M, if 
i> j but it is convenient to denote the subspace associated with n,(x) by 
M, if i< j. As is often the case in the Lie and Malcev theory, itis useful to
consider the multiplications among the M,. Let M,(a) =M,, + . . . + M, 
and M, =M3+, + .*. +M,, and let ml(x) =(x-cl) ... (x - cj). Evidently 
M,(a) and M,(a) are R, invariant dm,(R,) acts nilpotently on M,(a) 
and nonsinguarly on Ml(a). Sagle [7] considers themultiplication between 
these subspaces when M,(a) =M. We are primarily nterested in showing 
that M,(a) is a subalgebra, hence are concerned with the spaces appearing 
in the decomposition of M,(u). For these spaces, Sagle’s procedure carries 
over virtually intact and we obtain 
LEMMA 1. MCs M,, G M, + =, ifs#t and M,M,$ EMzc, +M-+. In pur- 
ticulur, M,(u) is a subalgebra for ll aE M. 
It will be useful toknow how the derived algebra M’ acts on minimal 
ideals ofM. In this direction we have 
LEMMA 2. Let A 9 M such that dim A = 1. Then C,(A) 2M’. 
Proof: Let xE M, x $ C,(A) and let zbe a generator of A. Then zx = CYZ 
where CI #0. For any y E M, J(x, y, z)x = J(x, y, xz) = -crJ(x, y, z) by (2). 
Since J(x, y, z) E A, it follows that J(x, y, z) = /?z for some /I. Now 
pcrz=/I(zx) = (/?z)x=J(x, y, z)x= -J(x, y, xz) = -a/?.~. Hence /I=0 and 
J(x, M, z) =O. Let u, ye C,,,,(A). By (3), 2x40, y, z) =J(x, u, yz)+ 
J(x, y, zu) +J(x, z, oy)=J(x, z, uy)~J(x, z M)=J(x, M, z) =O. Hence 
J(o, y, z) = 0 since J( U, y, z) is a multiple of zand xz # 0. Since A is a one- 
dimensional ideal, C (A) has codimension onein M and each element 
of M can be expressed as ascalar times x plus an element ofC,(A). Let 
ox+ u and TX+ y be two such expressions. ThenJ(ax+ v, rx+ y, z) = 
J(ox, TX, z)+J(ax, y, z) +J(v, TX, z)+J(u, y, z) =0 since J(C,,,(A), 
C,,,,(A), z) = 0= J(x, M, z). Therefore J(M, M, z) = 0. Now for any x, 
REM, J(x, y, z) =0 yields that (xu)z= a,~l~z--~,,~l~z=O. Hence 
M’ G C,(A) and the result holds. 
COROLLARY. The derived algebra of a supersolvable M lc v algebra M is 
nilpotent. 
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Proof. Using induction on the dimension fIV, it is sufficient to show 
that if A is a minimal ideal of M, then M’ G C,(A). This result holds by 
Lemma 2. 
We now find a characterization of supersolvable Ma cev algebras in 
terms of M,,(a) = M. The existence of solvable, nonsupersolvable Lie 
algebras over algebraically losed fields of prime characteristic shows that 
M,(a) =M for all a~ M is not sufficient for supersolvability even for 
solvable Lie algebras. Another way of expressing this last sentence is that 
Lie’s theorem does not hold in algebraically losed fields of prime charac- 
teristic. On the other hand, if M is supersolvable, then clearly M,(a) =A4 
for all aE M. In the next result, we obtain a weak converse. 
THEOREM 1. M is supersolvable if and only if M’ is nilpotent a d
M,(a)=Mfor all aEM. 
Prooj It remains to show that he conditions force M to be super- 
solvable. Let A be a minimal ideal of M contained in M’. Using induction 
it is sufficient to show that dim A = 1. Since A is a minimal ideal, AM’ d M 
by [S, Lemma 4.31. Since M’ is nilpotent, AM’# A. Hence AM’ = 0 and 
C,(A) 1M’. We claim that J(A, M, M) = 0. Take x E M, x $ C,(A), aE A 
and y E M. Since C,(A) 2M’, the space D generated by xand C,,,(A) is an 
ideal of M. Then DA aM by [S, Lemma 4.31. Hence DA= A since 
A is minimal and xA #O. By the construction of D, xA = A. Now 
0 = J(x, a, xy) = J(x, a, y)x since xyE M’ E C,,,,(A). Therefore J(x, a, y) = 0 
since R, is nonsingular on A. Thus J(x, A, M) = 0 for each x$ C,,,,(A). 
Likewise J(x, a, y) = 0 for each y4 C,(A). Finally ifx, y E C,(A), then 
J(x, a, y) = 0. Hence J(A, M, M) = 0. 
Now let x, ye M and a E A. Then, by the last paragraph, 
(xy)e + (ya)x + (ax) y= 0. Since xy E M’ c C,(A), it follows that 
(xy)a = 0 and hence R, and R, commute on A. Hence {R, restricted to A, 
x E M) is a commuting set of linear t ansformations each ofwhich as a 
minimum polynomial which is the product of linear factors. Hence these 
transformations can be simultaneously triangularized. Hence A contains a 
one dimensional ideal of M, which must be A since A is minimal. Hence M
is supersolvable. 
We now are in position t  prove the Malcev algebra version fthe third 
result ofBarnes. 
THEOREM 2. Let M be a Malcev algebra, B be a subideal of M and A be 
an ideal of B contained in Q(M). Zf B/A is supersolvable, then B is super- 
solvable. 
Proof: Since BJA is supersolvable, (B/A)’ isnilpotent. Hence E/B’ nA 
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is nilpotent a dB’ is nilpotent by [S, Theorem 3.21. Since B is a subideal 
in M, the Fitting one space, F(b), of Rb is contained in B for every b E B. 
Since x is always a factor fthe minimum polynomial of Rb, F(b) 2 M,(b). 
Hence M,(b) c B for all be B. Now since B/A is supersolvable, 
M,(b) c A c Q(M). Hence M,(b) + CD(M) = M for all bE B. Since M,(b) is 
subalgebra y Lemma 1, M,(b) = M and B,(b) = B for all bE B. Since B’ is 
nilpotent, B issupersolvable by Theorem 1. 
3. LIE'S THEOREM 
In this discussion of supersolvable lg bras, we would be remiss not to 
mention the most outstanding theorem onsuch algebras; thegeneralization 
of Lie’s theorem to Malcev algebras. Kuzmin, in his emi-expository paper
[4] states this result while developing a theory which parallels the classic 
Lie algebra c se. However, the proofs donot seem to carry over without 
some complications. Si ceno proofs are readily found in the literature, a 
short development is included here. A result on representations by 
nilpotent operators is needed. Since the representation may not be faithful, 
the conclusions do not follow directly from Theorem 1and Corollary 5 of 
[S]. However the proofs given there can be translated over quite easily to
prove the following Lemma 3, since the subalgebra of nilpotent operators is 
an abelian ideal. 
LEMMA 3. Let M be a Malcev algebra, E be an abelian ideal and S be a 
representation of M such that E represented by nilpotent operators. Then 
S(E) is contained ina radical ofthe associative envelope ofS(M). 
The algebras considered forthe remainder of this section will be assumed 
to be of characteristic 0. 
LEMMA 4. If a, 6, c E M and ac = 0, then tr(S;S,,) = 0 where S is any 
representation of M. 
Prod BY (4h %W - S,SbS, -S,S,S6 -S,,S, +S,S,,. Permute b
and c. add and use ac = 0 and cb = -bc to obtain 
scs,, + S,bSc = - csls,, SOI - CS,Sb, S l. (7) 
Hence 2tr(S,S,,) = 0.Multiply (7) by S; to get 
s;+ ‘Sob +S’fS,J, = S’f(S,S$, - SJ,SJ + S~(S,S,Sb - S,SbSo). (8) 
Take the trace of both sides of (8). Since S, S,2 = SfS, and S,S,S, =SfS, 
by (5) and (6), the trace of each of the four terms on the right-hand si e of 
(8) can be written astr(S;+‘S,S,). Hence 2tr(S;+‘S,,)=O. 
74 ERNEST L. STITZINGER 
LEMMA 5. If c= C a,b, and ca; = 0 for each i, then tr(S;) = 0for all 
n > 1. Hence S, is nilpotent. 
Proof. By Lemma 4, tr(S;S,,J = 0 for each i and all n> 1. Hence 
tr(S;S, a b,) = 0 = tr(S; + I). It is well known that his implies that (SC)’ is 
nilpotent, hence S,. is nilpotent. 
To extend Lie’s theorem, another result ofLie is encountered. 
THEOREM 3. Let M be a solvable Malcev algebra over afield of charac- 
teristic 0. Then M’ is nilpotent. 
Proof. Induct on the dimension ofM and let A be a minimal ideal of M 
contained in M’. Then (M/A)’ is nilpotent by induction and it suffices to 
show that M’ acts nilpotently on A.In fact we show that C,(A) 2 M’. 
Since A is minimal and M is solvable, A isabelian [S, Lemma 4.31. Sup- 
pose that C,(A) & M’. Then D = core(C,(A)) n M’ ZA M and D is 
properly contained in M’. Let E be an ideal inM such that D c E E M’ and 
E/D = E is a minimal ideal inM/D = i@. By the choice ofE, EA # 0. Now 
consider A as an li;i module. Since E is a minimal ideal of M, either ME = 0 
or m = i?. If the latter holds, then each XE E is of the form X = C fiiFi 
where fi, Eli;i, C  E E and, since E is abelian, Ei =0 for each i. Let S be the 
representation of &? on A. Then S, is nilpotent by Lemma 5. By Lemma 3, 
S(E) is in the radical ofthe associative en lope ofS(R). Since A is 
irreducible und r the action fli;i, S(E) =0. Hence EA = 0, a contradiction. 
Thus ME = 0 and i? is in the center ofIV. Let x E E E A’. Then x = 1 min, 
where mi, ni E li;i and xmi = 0 for each i. Using the same argument as 
above, S(E) =0 and again EA = 0. Hence C,,,,(A) 2 M’ and M’ is nilpotent. 
THEOREM 4. Let M be a solvable Malcev algebra over an algebraically 
closed field of characteristic 0. Then M is supersolvable. 
Proof. M’ is nilpotent by Theorem 3and MO(a) = M for all aE M since 
the field isalgebraically losed. Hence the result follows from Theorem 1. 
4. STRUCTURE THEOREMS 
Barnes used the Lie algebra version fTheorem 2 to obtain structure 
results on solvable Lie algebras like some on groups. We extend these 
results and add several others to the present setting. Thefirst result 
corresponds to a famous group result ofB. Huppert. 
THEOREM 5. Let M be a solvable Malcev algebra. Then M is super- 
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solvable ifand only ifall maximal subalgebras of M have codimension onein 
M. 
Proof: Suppose that M is supersolvable nd let B be a maximal sub- 
algebra ofM. Induct on the dimension fM. Let A be a minimal ideal of 
M. If A E B, then B/A has codimension onein M/A by induction andthe 
result holds. IfA & B, then A + B = M. Since M is solvable, A is abelian 
and A n B = 0. Since M is supersolvable, dim A = 1 and the result holds. 
Conversely suppose that he condition h lds. Induct on dim M. Let A be 
a minimal ideal of M and it suffices to show that dim A = 1. If A is con- 
tained inevery maximal subalgebra of M, then M/A is supersolvable by 
induction and A E Q(M). Hence M is supersolvable by Theorem 2. If 
A $Z Q(M), then A + B = M for some’ maximal subalgebra B. Again 
A n B = 0 and dim A is the codimension of B in M. Hence M is super- 
solvable. 
THEOREM 6. Let M be a solvable Malcev algebra. Then M is super- 
solvable ifand only ifall chains of subalgebras of M have the same length. 
ProoJ If M is supersolvable, then the last result yields that all chains 
have length dim M. Conversely in asolvable Malcev algebra elining the
derived series gives a chain of length equal to dim M. By the assumption, 
all maximal subalgebras will have codimension onein M and the result 
holds by Theorem 5. 
Kramer [9, p. 121 has obtained a result similar toHuppert’s. The
Malcev algebra version follows. Recall that he largest nilpotent ideal of M 
is denoted byN(M). 
THEOREM 7. Let M be solvable Malcev algebra. Then M is supersolvable 
if and only if for every maximal subalgebra B of M, either B 2 N(M) or 
B n N(M) is a maximal subalgebra of N(M). 
ProojI Let M be supersolvable nd B be a maximal subalgebra 
of M. Then codim,( B)= 1. If N(M) @ B, then M = B + N(M) and 
1 = codim,(B) = codim,(,, B n N(M)). Hence B n N(M) is maximal in 
N(M) and the result holds. 
Conversely suppose that M satisfies th  condition on the maximal sub- 
algebras. Since M is solvable, G(M) 9 M by [S, Theorem 5.21 and 
N(M/@(M)) = N(M)/@(M) by [S, Corollary 3.43. Hence M/@(M) satisfies 
the conditions  the subalgebras and if Q(M) # 0, by induction M/@(M) 
is supersolvable. HenceM is supersolvable by Theorem 2. Assume that 
@(M) = 0. By [5, Theorem 4.41 N(M) is the direct sum of minimal ideals 
and is abelian. Hence N(M) = H, + . . . + H, where Hi is a minimal ideal 
and is abelian for each i. Then each Hi is complemented by amaximal sub- 
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algebra Biand N(M) = Hi + (B, nN(M)). By the hypothesis, B  n N(M) is 
a maximal subalgebra of N(M) and, since N(M) is nilpotent, 
1 = codim NCMj(Bi n N(M)) = dim Hi. H ence C,(H,) 1M’ by Lemma 2. 
Hence C= n;=, C,(H,) zz M’. Hence Ca M and C = C,(N(M)). Suppose 
that C & N(M). Then C + N(M)/N(M) contains a minimal ideal D/N(M) 
and D”+’ s N(M)” for n= 1, 2,.... Hence D is nilpotent, a contradiction. 
Hence M’ G C E N(M). In particular, M’ isnilpotent. 
To complete he proof, weshow that if B is a maximal subalgebra of M, 
then B has codimension one. If B2 N(M), then B3 M’ and B is an ideal in
M, hence B has codimension onein M. If B 2 N(M), then M = B + N(M). 
Then codim,(B) = codim,(,,(Bn N(M)) = 1 since B n N(M) is maximal 
in N(M) by assumption and N(M) is nilpotent. Since all maximal sub- 
algebras of M have codimension onein 44, the result follows. 
Intersections of subgroups or ubalgebras behave rather badly in general. 
In supersolvable groups this behavior issomewhat better asshown by 
Suzuki (see [9, p. 1301). For solvable Malcev algebras we obtain an 
analogue. An algebra M is called lower semi-modular if for every pair of 
subalgebras A, B such that A is a maximal subalgebra of (A, B), the 
algebra generations by A and B, then A n B is a maximal subalgebra of B. 
This class is clearly closed under taking subalgebras andhomomorphic 
images. For solvable Malcev algebras we now show that his class i iden- 
tical with the class of supersolvable algebras. This is a somewhat sharper 
result than its analogue ingroup theory. 
LEMMA 6. The following are equivalent: 
(1) M is lower semi-modular. 
(2) For every pair H, K of subalgebras of M such that H and K are 
maximal in (H, K), it follows that H n K is maximal in both H and K. 
Proof Assume (1). H is maximal in (H, K) hence H n K is maximal in 
K. By symmetry, the result holds. 
Assume (2). Let A and B be subalgebras of M with A maximal in 
(A, B). Choose a maximal subalgebra B, of (A, B) which contains B. 
Then (A, B) = (A, B, ) and hence A n B, is maximal in both A and B, by 
(2). Now choose amaximal subalgebra B, of B, containing B such that 
(A n B, , B, ) = B, . Again by (2), A n B, is maximal in both B2 and 
A n B,. Continue this process toget amaximal chain 
B, XJB*Z ‘.. xBB,=B. 
Then A n B, = A n B is a maximal subalgebra of B, = B which yields (1). 
THEOREM 8. Let M be a solvable Malcev algebra. Then M is super- 
solvable tfand only tf M is lower semi-modular. 
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Proof: Suppose that M is lower semi-modular. We show by induction 
on dim M that all maximal chains of M have the same length, ence that 
M is supersolvable by Theorem 6. Let M= MO =I M1 3 *a* 3M, = 0 and 
M=N, xiv, 2 *** IN, =0 be two maximal chains. By Lemma 6, 
M, n N1 is maximal in both M1 and N, . Let 6 be the length ofa maximal 
chain from M1 n N1 to 0. Then there is a maximal chain of length t + 1 
from M1 to 0. By induction, M1 is supersolvable hence all maximal chains 
have the same length in1M,. Hence t+ 1= Y - 1. Similarly g + 1= s - 1 and 
r = s. Hence M is supersolvable. 
Conversely assume that M is supersolvable and t A be a minimal ideal 
of iM. Then C,(A) 3M’ and C,(A) is an ideal of 44 of codimension either 
0 or 1. By Lemma 6, it s&ices to show that if H and K are maximal sub- 
algebras of (H, K), then Hn K is maximal in H and in K Since any sub- 
algebra ofM is supersolvable, it may be assumed that H and K are 
maximal in n/i. Suppose that Ac H. If A c K also, then by induction 
H n K/A is maximal in H/A and in K/A. Hence the result holds. Suppose 
that A @ K. Then A + K = M and A n K = 0. Hence 1 = codim,(K). Also 
H=N~H=(A+K)nH=A+(KnH) and codim,,(KnH)=l and 
Kn H is maximal in II. Also ~odim~(H) = 1 since M is supersolvable. 
Hence codim,(H) + codim,(Hn K) = 2 = codim,(K) + codim,(Hn K). 
Therefore codim,( H n K) = 1 and H n K is maximal in H. 
We now may suppose that neither H nor K contains a minimal ideal of 
M; Let A be a minimal ideal of &R Since C,(A) is an ideal of M, 
H n C,(A) = 0 = Kn C,,.,(A). Hence C,(A) = A. But dim A = 1, hence 
codim,C,(A) is0 or 1. In the first case dim M= 1 and the result holds. In
the second case, dim H = dim K = 1 and H n K is maximal in both H and 
K. 
5. SUPERSOLVABLE PROJECTORS 
A theory of supersolvable projectors canbe developed for solvable 
Malcev algebras. Thedevelopment follows that of F-projectors in Lie 
algebra [2] and Cartan subalgebras of Malcev algebras [8]. A subalgebra 
H of a Ma&v algebra M is called a supersolvable projector if H is super- 
solvable and if K is a subalgebra of M such that H c Kc A4 and JS K 
such that K/J is supersolvable, then K = H + J. The following result islike 
the Lie algebra esult in[Z]. 
~LEMMA 7. Let H be a supersolvable projector fthe solvable Malcev 
algebra M. Then 
(1) If H c: U, then H is a supersofvabie projector of U. 
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(2) Zf o is a homomorphism from M onto o(M), then o(H) is a super- 
solvable projector of o(M). 
(3) Zf N 3 M, U/N is a supersolvable projector of M/N and H is a 
supersolvable projector of U, then H is a supersolvable projector of M. 
THEOREM 9. Each solvable Malcev algebra contains supersolvable projec- 
tors. 
Proof Let A4 be a minimal counterexample and let A be a minimal 
ideal inM. Then there exists UZ A such that U/A is a supersolvable pro- 
jector fM/A. Suppose U # M. Then there exists a upersolvable projector 
H of U and the result follows from Lemma 7. 
Therefore letU = M. Hence M/A is supersolvable. If A 5 Q(M), then A4 
is upersolvable and the result holds. Hence suppose that A & @P(M) and A 
is complemented in A4 by B. Hence BE M/A is supersolvable. Let D s A4 
such that M/D is supersolvable. Then MJD n A is supersolvable. SinceM is 
not supersolvable and A is minimal, D n A = A. Hence D + B = A + B = M 
and B is a supersolvable projector of M. 
The conjugacy ofsupersolvable projectors can be developed following 
the pattern for Cartan subalgebras [S]. We simply state he result here. Let 
M, be the intersection of theterms in the lower central series ofM and 
U(M, M,) be the enveloping associative alg bra of{R, acting on M, 
XEM,}. 
THEOREM 10. Let M be a solvable Malcev algebra. The supersolvable 
projectors a econjugate if ither 
(1) M is of characteristic 0 or 
(2) M is of characteristic p and U(M, M,)P-l = 0. 
Finally weremark that as in the Lie algebra c se (see [3]) a super- 
solvable subalgebra H of a solvable Malcev algebra M is a supersolvable 
projector if and only if each factor above H has dimension greater than 
one. 
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